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Abstract

Madhekar and Thakare succeeded in constructing a pair of bi-orthogonal polynomials J,,(a, £, k; x)
and k,(a, B, k; x) that are suggested by Jacobi polynomials. In the sense that for k = 1 both these
polynomials reduces to Jacobi polynomials. Madhekar and Thakare obtained recurrence relations,
operational formulae, generating functions, bi-orthogonality, multilinear and multilateral generating

function involving bi-orthogonal polynomials suggested by Jacobi polynomials. Dhanorkar and
|| 2#

(—x2q%q%)eo

paper we obtained some interesting results with some particular cases for the first set J,,(a, S, k: x).

Kavthekar [3] worked on biorthogonal polynomials for the weight function . In the present

In which generating function is obtained from hypergeometric function and Manocha [8]. Also find
recurrence relation from Rainville [10].

Keywords and phrases:

Generating Function Biorthogonal polynomials, Recurrence Relations, generalized hypergeometric
function.

2020 Mathematics subject classification: 33C45, 33E50, 33C67, 33C20

1 Introduction:
Madhkkar and Thakare [7] constructed following pair of polynomials

oy o ke T (OB 1 K
Jn(a, B, k; x) = nl 2j=0( 1 (]) (1+0c)kj ( 2 ) (1.3)
and
™ _ (1+B)n
kn(a, B, k;x) = g Xhop (—1)7FS (S)m (1.2)

(5,5 ()

They showed that first set {J,,(a, 8, k; x)} is bi-orthogonal to the second set {k,(a, 3, k; x)}
with respect to the weight function (1 — x)%(1 + x)? over the interval (—=1,1) where a, § > —1 and
k is a positive integer. For k =1 both J,(a,B,k;x) and k,(a,B,k;x) reduces to the Jacobi

polynomials Pf’ﬁ (%)

Madhekar and Thakare [5, 6, 7] and Thakare and Madhekar [13, 14] obtained biorthogonality,
operational formulae and generating functions of these polynomials.
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The polynomials J,(a, B, k;x) and k,(a,f,k;x) are related to Z7(x; k) and Y7 (x, k)
respectively by the following relations

. 2x\ _ .

Jim, (ki1 -5) = z8(x:k) (1.3)
. 2x\ _ .

Jim (a.pk;1- 7) = Y2 (x; k) (1.4)

where Z5 (x; k) and Y,¥ (x; k) are the konhauser biorthogonal polynomials [4].

In the present paper we obtained some more interesting results for the first set
{Jn(a, B, k; x)} and some particular cases are also noted.

2 Generating Functions
The generalized hypergeometric function is defined by

al’ a2F ey ap
qu[] ﬂllﬁZl ---,ﬁq Z = ZundOVrTL =

Oco(al)n(a2)n ... (ap)n(Bn(B)n ... (Bg)nZnn!(2.1)
Here p and q are positive integers or zero. a;, 3, ..., @, are numerator parameters and 3, f3;, .., Bq

are denominator parmeters. They may be real or complex and ,[)’j 0,—-1,-2,..;j=12,..9and Z
is variable.

From definition (1.1) we easily observed that the polynomial J,(a, 8, k; x) has following
hypergeometric representation.

C\ _ (+a)kn - Ak, 1+a+ B +n); 1« k]
Jn(@ Bl 2) ==, Kk+1 Fi Ak, 1+ a); ( 2 ) (2.2)
where A(m, §) stands for the sequence of m parameters
EIEP"'PS-Fm_lI le
m m m
Chaundy [[1], p-62, equation (2.5)] gave the generating relation
. % —-Nn;aq, ...,ap; ]
Zn:o nl pi1 q Blv "-'Bq; x|th =
L ag, ., a
_ ] y U1, »“p o xt
1-9 p+1Fq B1, - Bg D
where|t| < 1
(2.3)

Specialising the parameters in (2.3) in view of hypergeometric representation (2.2) for
Jn(a, B, k; x) we get the generating relation.

(o] An
Ny = (@, B —n,k; x)t" =

(1+a)kn
_ LAk, 1+ a+pB); _ t
— A k(1 — +\k
=0 P a1+ a); =
(el < 1)
(2.4)
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Replacing x by 1 — %x and using the relation (1.3) we obtain the generating function for Z7 (x; k)
obtained by Srivastava [[10], p-245, equation 3.19].

MDn a n_ -1 A; xke
T i A = =07y oy 1, @] (259

see also Srivastava and Manocha [[12], p-198, problem 66].

Replacing t by t/A in the formula (2.4) and taking A = o we get the following generating
function obtained by Madhekar and Thakare [[5], p-421, equation (14)]

ks Ak, 14+ a+B); —x\k
s In(@Bnkx) i _ ethk[ Godta b F)_y (1) ] (2.6)

(1+@)kn Alk,1+ a); 2

Replacing x by 1 — 2x and putting k = 1 in (2.6) we get known generating function of Jacobi
polynomials due to Srivastava and Joshi [[11], p-22, equation (4.6)]

(a,p—n) n .
Dy (1-2x).t 1+a+p;
vy A Y P b ’“‘] 27)
putting k = 1in (2.6) and using Kummer’s transformation.
1Fi(a;c;2) = e*1F;(c —a,c,—z)
we get Feldheim’s formula [[2], p-120, equation(12)]
(aﬁ n) .
Y ) ,n _ (x+1)t/2 ' t(1-x)
Y=o —(1+a) th=e 1F1 1ta 2 (2.8)

see also Shrivastava and Manocha [[12], p-170, problem (19)] Now reversing the orders of summation
we get

]n(a;ﬁ, k;x) = %(_l)n (1;x)kn

L (=1) ( )(1+a+,8+n)kn kj (12x)k1

1+ kn—kj

(2.9)

Now replacing @ by a — kn, f by f — nin (2.9) and using the result due to Rainville [[9], p-32, problme
(8)]

ED @n
(@i = S22
we get
r—1\ k"1 k,
Jn@ =k f =m0 = (o= P05 ki [y N Z @ - 0]
(2.10)

Specialising (2.3) in view of (2.10) we obtain the following generating function for the polynomials

Jn(a, B, k; x)

-1
o  MnJn(a—kn,B-nk;x)t" x—1 k] A A(k; _0(); (-1t
- = |1 — 1F T
Zn—O (—a—B)kn [ + t( 2 ) k + k [A(k; —a— ﬂ)' 1+t(_x;1)k

(2.11)
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For k = 1the equation (2.11) reduces to the generating function for Jacobi polynomials pz'ﬁ (x) given
by Manocha [[8], equation (1.4)]

w  DppE Py x-1\ 174 A —a; —t
ano (—a—B)kn - [1 + (T) t] 2k [_a — beta; 1+(XT_1)t] (2:12)

Replace t by t/A and taking limit 1 — co in equation (2.11) we get

w (@ knB-nkx) ,n _ _p(xt k] [A(k;—a); _ k]
Zn=o CabBn exp[ t( 2 ) kFi A(k,—a—ﬁ);( Dt
(2.13)

putting k = 1 the equation (2.13) reduces to the following generating function

Sino map P PO = exp [t ()] 1R [y g —t] 214)

Replace t by (—t), a by 8 and by a in equation (2.14) we obtain

Yo (_(_i)ﬁn)n pE a0y = exp [t (xT_l)]l F [:g;_ ﬁ;t] (2.15)

Now using the result from Rainville [[10], p-256]

pPf (—x) = (=D)"pE* ()

we obtain

s W = exp[¢ ()] A :ﬁ‘_ ﬂ;t] (2.16)

Now replcing x by —x in the equation (2.16) we get

w pIEn +1 =B
Y=o p(n_a—_;;)(:)tn = exp [—t (xT)]l F; _f{ _ ﬂ't] (2.17)

The generating function (2.17) is due to Manocha [8].

3. Recurrence Relation
Consider the following formula from Rainville [[9], p-107, problem 12]

a, ..., 0y; P a,+1,...,a, +1;
d [ (4 ] — [T=19m 1 (4 (31)

- VA Z
de q bl' ..-,bq; l_[}l:lbj p q bl + 1, ...,bq + 1,

From (2.2) we have

d Con 4 (1+@)kn - Ak, 1+ a+f +n); 1-x k
dx]n(a:,B: k; x) - dx n K1 Fk [A(kyl + a)’ ( > ) ]

using (3.1) we get

1+a+B+n)
(1+a)k

(1 + a)kn
(n—1)!

d Ca) — k(1 _ k=
E]n(a,ﬁ,k,x)— k27%(1 — x)k-1

F [—n+1,A(k,1+a+,8+k+n);(1-_x)k]
KA1TK Ak, 1+ a + k); 2
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In view of hypergeometric representation of J,,(a, 5, k; x) we obtain the following recurrence relation
DlJp(a, B, k; )] = k.27* A — ) A+ a+ B +n)i (@ +k,B+1,kx) (3.2)

where D = %The equation (3.2) can be written as

A=%D (a, B, k; )] = k.27* A+ a+ L +n)Jp_1(a + k, B+ 1,k x)

It is not difficult to observe that

[(1—x)*DI™ . (a, B, k;x) = k™2 ™k

3.3
M7 A+ a+ B +n+ki)fpm(a+mk, B +m,k;x) (3:3)
wheren>m >0
For k = 1 the equation (3.3) reduces to the result for Jacobi polynomials
Dmp{R () = 27MA + @+ B+ Wmppem T () (3.4)

see Rainville [[9], p-263, equation (3)]

Madhekar and Thakare [[5], p-421, equation (16) & (17)] obtained following recurrence
relation for J,,(a, B, k; x)

(x—=1DDJ,(a,B,k; x) =nk],(a, B, k; x) —k(kn—k + a + 1),

]n—l(a'.g +1,k; X) (3.5)

(x—1DDJ(a,B,k;x)=(kn+ ), (a—1,8+1,k;x) —af,(a, B, k; x) (3.6)

Eliminating (x — 1)DJ,(a, B, k; x) from (3.5) and (3.6) we can easily obtain

Jn(a, B k;x) =k(1+a+nk—k)p_1Jp-1(a,f +1,k,x)

Ha(@—1,8+1,kx) (37)
Now using (3.2) in (3.5) we have

—1-xf2FA+a+B+n)Jp_1(a+k L+ 1,k x)
=nfp(a, B, k;x)—(kn—k+a+ 1) 1(a,f+1,k;x)

Replacingn by (n + 1) and 8 by (8 — 1) in above equation we get the following recurrence relation

A -2k A +a+ B +n)J.(a+k B k;x)

3.8
= (14 @+ k(@B ki) = (1 + Dy (@ — 1 ki x) >
Similarly using (3.2) in (3.6) we get another recurrence relation for J,,(«, 5, k; x)
k271 —x)*A+a+B+n)fJpi(a+k B +1,kx) (3.9)
=afp(a, B, k;x) — (kn+ ), (a — 1,8+ 1,k; x) '
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