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Abstract 

Madhekar and Thakare succeeded in constructing a pair of bi-orthogonal polynomials 𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) 

and 𝑘𝑛(𝛼, 𝛽, 𝑘; 𝑥) that are suggested by Jacobi polynomials. In the sense that for 𝑘 = 1 both these 

polynomials reduces to Jacobi polynomials. Madhekar and Thakare obtained recurrence relations, 

operational formulae, generating functions, bi-orthogonality, multilinear and multilateral generating 

function involving bi-orthogonal polynomials suggested by Jacobi polynomials. Dhanorkar and 

Kavthekar [3] worked on biorthogonal polynomials for the weight function 
|𝑥|2𝜇

(−𝑥2𝑞2;𝑞2)∞
. In the present 

paper we obtained some interesting results with some particular cases for the first set 𝐽𝑛(𝛼, 𝛽, 𝑘: 𝑥). 

In which generating function is obtained from hypergeometric function and Manocha [8]. Also find 

recurrence relation from Rainville [10].  

Keywords and phrases: 

Generating Function Biorthogonal polynomials, Recurrence Relations, generalized hypergeometric 

function.  
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1 Introduction:  
 Madhkkar and Thakare [7] constructed following pair of polynomials  

 𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) =
(1+𝛼)𝑘𝑛

𝑛!
∑𝑛

𝑗=0 (−1)𝑗 (
𝑛
𝑗 )

(1+𝛼+𝛽+𝑛)𝑘𝑗

(1+𝛼)𝑘𝑗

(
1−𝑥

2
)

𝑘𝑗
 (1.1) 

 and  

 
𝑘𝑛(𝛼, 𝛽, 𝑘; 𝑥) = ∑𝑛

𝑟=0 ∑𝑟
𝑠=0 (−1)𝑟+𝑠 (

𝑟
𝑠

)
(1+𝛽)𝑛

𝑛!𝑟!(1+𝛽)𝑛−𝑟

(
𝑠+𝛼+1

𝑘
)

𝑛
(

𝑥−1

2
)

𝑟
(

𝑥+1

2
)

𝑛−𝑟  (1.2) 

 

They showed that first set {𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥)} is bi-orthogonal to the second set {𝑘𝑛(𝛼, 𝛽, 𝑘; 𝑥)} 

with respect to the weight function (1 − 𝑥)𝛼(1 + 𝑥)𝛽 over the interval (−1,1) where 𝛼, 𝛽 > −1 and 

𝑘 is a positive integer. For 𝑘 = 1 both 𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) and 𝑘𝑛(𝛼, 𝛽, 𝑘; 𝑥) reduces to the Jacobi 

polynomials 𝑃𝑛
𝛼,𝛽

(𝑥) 

Madhekar and Thakare [5, 6, 7] and Thakare and Madhekar [13, 14] obtained biorthogonality, 

operational formulae and generating functions of these polynomials. 
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The polynomials 𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) and 𝑘𝑛(𝛼, 𝛽, 𝑘; 𝑥) are related to 𝑍𝑛
𝛼(𝑥; 𝑘) and 𝑌𝑛

𝛼(𝑥, 𝑘) 

respectively by the following relations  

 lim
𝛽→∞

𝐽𝑛 (𝛼, 𝛽, 𝑘; 1 −
2𝑥

𝛽
) = 𝑍𝑛

𝛼(𝑥; 𝑘) (1.3) 

  lim
𝛽→∞

𝑘𝑛 (𝛼, 𝛽, 𝑘; 1 −
2𝑥

𝛽
) = 𝑌𝑛

𝛼(𝑥; 𝑘) (1.4) 

 where 𝑍𝑛
𝛼(𝑥; 𝑘) and 𝑌𝑛

𝛼(𝑥; 𝑘) are the konhauser biorthogonal polynomials [4]. 

In the present paper we obtained some more interesting results for the first set 

{𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥)} and some particular cases are also noted. 

2 Generating Functions 
 The generalized hypergeometric function is defined by  

 𝑝𝐹𝑞[]
𝛼1, 𝛼2, … , 𝛼𝑝

𝛽1, 𝛽2, … , 𝛽𝑞
𝑍 = ∑undOvr 𝑛 =

0∞(𝛼1)𝑛(𝛼2)𝑛 … (𝛼𝑝)𝑛(𝛽1)𝑛(𝛽1)𝑛 … (𝛽𝑞)𝑛𝑍𝑛𝑛!(2.1) 

 Here 𝑝 and 𝑞 are positive integers or zero. 𝛼1, 𝛼2, … , 𝛼𝑝 are numerator parameters and 𝛽1, 𝛽2, … , 𝛽𝑞 

are denominator parmeters. They may be real or complex and 𝛽𝑗 ≠ 0, −1, −2, …; 𝑗 = 1,2, … ,9 and 𝑍 

is variable. 

From definition (1.1) we easily observed that the polynomial 𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) has following 

hypergeometric representation.  

 𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) =
(1+𝛼)𝑘𝑛

𝑛! 𝑘+1
𝐹𝑘 [

−𝑛; Δ(𝑘, 1 + 𝛼 + 𝛽 + 𝑛);
Δ(𝑘, 1 + 𝛼);

(
1−𝑥

2
)

𝑘
] (2.2) 

 where Δ(𝑚, 𝛿) stands for the sequence of 𝑚 parameters  

 
𝛿

𝑚
,

𝛿+1

𝑚
, … ,

𝛿+𝑚−1

𝑚
, 𝑚 ≥ 1 

Chaundy [[1], p-62, equation (2.5)] gave the generating relation  

∑∞
𝑛=0

(𝜆)𝑛

𝑛! 𝑝+1
𝐹𝑞 [

−𝑛; 𝛼1, … , 𝛼𝑝;

𝛽1, … , 𝛽𝑞; 𝑥] 𝑡𝑛 =

(1 − 𝑡)−𝜆
𝑝+1

𝐹𝑞 [
𝜆; 𝛼1, … , 𝛼𝑝

𝛽1, … , 𝛽𝑞

𝑥𝑡

(𝑡−1)
]

𝑤ℎ𝑒𝑟𝑒|𝑡| ≤ 1
  (2.3) 

 

Specialising the parameters in (2.3) in view of hypergeometric representation (2.2) for 

𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) we get the generating relation.  

∑∞
𝑛=0

(𝜆)𝑛

(1+𝛼)𝑘𝑛
𝐽𝑛(𝛼, 𝛽 − 𝑛, 𝑘; 𝑥)𝑡𝑛 =

  (1 − 𝑡)−𝜆
𝑘+1

𝐹𝑘 [
𝜆; Δ(𝑘, 1 + 𝛼 + 𝛽);

Δ(𝑘, 1 + 𝛼);
2−𝑘(1 − 𝑥)𝑘 𝑡

(𝑡−1)
]

(|𝑡| < 1)

                                                                                       

                                                                                                                                                           (2.4) 
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 Replacing 𝑥 by 1 −
2𝑥

𝛽
 and using the relation (1.3) we obtain the generating function for 𝑍𝑛

𝛼(𝑥; 𝑘) 

obtained by Srivastava [[10], p-245, equation 3.19].  

 ∑∞
𝑛=0

(𝜆)𝑛

(𝛼+1)𝑘𝑛
𝑍𝑛

𝛼(𝑥; 𝑘)𝑡𝑛 = (1 − 𝑡)−𝜆
1

𝐹𝑘 [
𝜆;
Δ(𝑘, 𝛼 + 1);

𝑥𝑘𝑡

(𝑡−1)𝑘𝑘] (2.5) 

 see also Srivastava and Manocha [[12], p-198, problem 66]. 

Replacing 𝑡 by 𝑡/𝜆 in the formula (2.4) and taking 𝜆 → ∞ we get the following generating 

function obtained by Madhekar and Thakare [[5], p-421, equation (14)]  

 ∑∞
𝑛=0

𝐽𝑛(𝛼,𝛽−𝑛,𝑘;𝑥)

(1+𝛼)𝑘𝑛
𝑡𝑛 = 𝑒𝑡

𝑘𝐹𝑘 [
Δ(𝑘, 1 + 𝛼 + 𝛽);
Δ(𝑘, 1 + 𝛼);

− 𝑡 (
1−𝑥

2
)

𝑘
] (2.6) 

Replacing 𝑥 by 1 − 2𝑥 and putting 𝑘 = 1 in (2.6) we get known generating function of Jacobi 

polynomials due to Srivastava and Joshi [[11], p-22, equation (4.6)]  

 ∑∞
𝑛=0

𝑝𝑛
(𝛼,𝛽−𝑛)

(1−2𝑥).𝑡𝑛

(1+𝛼)𝑛
= 𝑒𝑡

1𝐹1 [
1 + 𝛼 + 𝛽;
1 + 𝛼;

− 𝑥𝑡] (2.7) 

 putting 𝑘 = 1 in (2.6) and using Kummer’s transformation.  

  1𝐹1(𝑎; 𝑐; 𝑧) = 𝑒𝑧
1𝐹1(𝑐 − 𝑎, 𝑐, −𝑧) 

we get Feldheim’s formula [[2], p-120, equation(12)]  

 ∑∞
𝑛=0

𝑝𝑛
(𝛼,𝛽−𝑛)

(𝑥)

(1+𝛼)𝑛
𝑡𝑛 = 𝑒(𝑥+1)𝑡/2

1𝐹1 [
−𝛽;
1 + 𝛼;

𝑡(1−𝑥)

2
] (2.8) 

 see also Shrivastava and Manocha [[12], p-170, problem (19)] Now reversing the orders of summation 

we get  

 
𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) =

(1+𝛼)𝑘𝑛

𝑛!
(−1)𝑛 (

1−𝑥

2
)

𝑘𝑛

∑𝑛
𝑗=0 (−1)𝑗 (

𝑛
𝑗 )

(1+𝛼+𝛽+𝑛)𝑘𝑛−𝑘𝑗

(1+𝛼)𝑘𝑛−𝑘𝑗
(

1−𝑥

2
)

𝑘𝑗 (2.9) 

 Now replacing 𝛼 by 𝛼 − 𝑘𝑛, 𝛽 by 𝛽 − 𝑛 in (2.9) and using the result due to Rainville [[9], p-32, problme 

(8)]  

 (𝛼)𝑛−𝑘 =
(−1)𝑘(𝛼)𝑛

(1−𝛼−𝑛)𝑘
 

we get  

 

𝐽𝑛(𝛼 − 𝑘𝑛, 𝛽 − 𝑛, 𝑘; 𝑥) = (−𝛼 − 𝛽)𝑘𝑛(−1)𝑛 (
𝑥−1

2
)

𝑘𝑛
        𝑘+1𝐹𝑘 [

−𝑛, Δ(𝑘, −𝛼);
Δ(𝑘, −𝛼 − 𝛽);

(2/1 − 𝑥)𝑘]      

                                                 (2.10) 

 Specialising (2.3) in view of (2.10) we obtain the following generating function for the polynomials 

𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥)  

∑∞
𝑛=0

(𝜆)𝑛𝐽𝑛(𝛼−𝑘𝑛,𝛽−𝑛,𝑘;𝑥)𝑡𝑛

(−𝛼−𝛽)𝑘𝑛
= [1 + 𝑡 (

𝑥−1

2
)

𝑘
]

−𝜆

𝑘 + 1𝐹𝑘 [
𝜆, Δ(𝑘, −𝛼);
Δ(𝑘, −𝛼 − 𝛽);

(−1)𝑘𝑡

1+𝑡(
𝑥−1

2
)

𝑘]

 (2.11) 
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 For 𝑘 = 1 the equation (2.11) reduces to the generating function for Jacobi polynomials 𝑝𝑛
𝛼,𝛽

(𝑥) given 

by Manocha [[8], equation (1.4)]  

 ∑∞
𝑛=0

(𝜆)𝑛𝑝𝑛
𝛼−𝑛,𝛽−𝑛

(𝑥)𝑡𝑛

(−𝛼−𝛽)𝑘𝑛
= [1 + (

𝑥−1

2
) 𝑡]

−𝜆
2𝐹1 [

𝜆, −𝛼;
−𝛼 − 𝑏𝑒𝑡𝑎;

−𝑡

1+(
𝑥−1

2
)𝑡

] (2.12) 

 Replace 𝑡 by 𝑡/𝜆 and taking limit 𝜆 → ∞ in equation (2.11) we get  

 ∑∞
𝑛=0

𝐽𝑛(𝛼−𝑘𝑛,𝛽−𝑛,𝑘;𝑥)

(−𝛼−𝛽)𝑘𝑛
𝑡𝑛 = exp [−𝑡 (

𝑥−1

2
)

𝑘
] 𝑘𝐹𝑘 [

Δ(𝑘, −𝛼);
Δ(𝑘, −𝛼 − 𝛽);

(−1)𝑘𝑡]

 (2.13) 

 putting 𝑘 = 1 the equation (2.13) reduces to the following generating function  

 ∑∞
𝑛=0

1

(−𝛼−𝛽)𝑛
𝑝𝑛

𝛼−𝑛,𝛽−𝑛
(𝑥)𝑡𝑛 = exp [−𝑡 (

𝑥−1

2
)] 1𝐹1 [

−𝛼;
−𝛼 − 𝛽; − 𝑡] (2.14) 

 Replace 𝑡 by (−𝑡), 𝛼 by 𝛽 and 𝛽 by 𝛼 in equation (2.14) we obtain  

 ∑∞
𝑛=0

(−1)𝑛

(−𝛼−𝛽)𝑛
𝑝𝑛

𝛽−𝑛,𝛼−𝑛
(𝑥)𝑡𝑛 = exp [𝑡 (

𝑥−1

2
)]

1
𝐹1 [

−𝛽;
−𝛼 − 𝛽;

𝑡] (2.15) 

 Now using the result from Rainville [[10], p-256]  

 𝑝𝑛
𝛼,𝛽

(−𝑥) = (−1)𝑛𝑝𝑛
𝛽,𝛼

(𝑥) 

we obtain  

 ∑∞
𝑛=0

𝑝𝑛
𝛼−𝑛,𝛽−𝑛

(−𝑥)𝑡𝑛

(−𝛼−𝛽)𝑛
= exp [𝑡 (

𝑥−1

2
)]

1
𝐹1 [

−𝛽;
−𝛼 − 𝛽;

𝑡] (2.16) 

 Now replcing 𝑥 by −𝑥 in the equation (2.16) we get  

 ∑∞
𝑛=0

𝑝𝑛
𝛼−𝑛,𝛽𝑛(𝑥)

(−𝛼−𝛽)𝑛
𝑡𝑛 = exp [−𝑡 (

𝑥+1

2
)]

1
𝐹1 [

−𝛽;
−𝛼 − 𝛽;

𝑡] (2.17) 

 The generating function (2.17) is due to Manocha [8]. 

3. Recurrence Relation 
 Consider the following formula from Rainville [[9], p-107, problem 12]  

 
𝑑

𝑑𝑧𝑝
𝐹𝑞 [

𝑎1, … , 𝑎𝑝;

𝑏1, … , 𝑏𝑞;𝑧] =
∏

𝑝
𝑚=1 𝑎𝑚

∏
𝑞
𝑗=1 𝑏𝑗

𝑝

𝐹𝑞 [
𝑎1 + 1, … , 𝑎𝑝 + 1;

𝑏1 + 1, … , 𝑏𝑞 + 1;
𝑧] (3.1) 

 From (2.2) we have  

 
𝑑

𝑑𝑥
𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) =

𝑑

𝑑𝑥

(1+𝛼)𝑘𝑛

𝑛! 𝑘+1
𝐹𝑘 [

−𝑛; Δ(𝑘, 1 + 𝛼 + 𝛽 + 𝑛);
Δ(𝑘, 1 + 𝛼);

(
1−𝑥

2
)

𝑘
] 

using (3.1) we get  

𝑑

𝑑𝑧
𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) =

(1 + 𝛼)𝑘𝑛

(𝑛 − 1)!
𝑘2−𝑘(1 − 𝑥)𝑘−1

(1 + 𝛼 + 𝛽 + 𝑛)

(1 + 𝛼)𝑘  

                    

                                          𝑘+1𝐹𝑘 [
−𝑛 + 1, Δ(𝑘, 1 + 𝛼 + 𝛽 + 𝑘 + 𝑛);
Δ(𝑘, 1 + 𝛼 + 𝑘);

(
1−𝑥

2
)

𝑘

]  
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In view of hypergeometric representation of 𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) we obtain the following recurrence relation  

 𝐷[𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥)] = 𝑘. 2−𝑘(1 − 𝑥)𝑘−1(1 + 𝛼 + 𝛽 + 𝑛)𝑘𝐽𝑛−1(𝛼 + 𝑘, 𝛽 + 1, 𝑘; 𝑥) (3.2) 

 where 𝐷 =
𝑑

𝑑𝑥
 The equation (3.2) can be written as  

 

 (1 − 𝑥)1−𝑘𝐷[𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥)] = 𝑘. 2−𝑘(1 + 𝛼 + 𝛽 + 𝑛)𝑘𝐽𝑛−1(𝛼 + 𝑘, 𝛽 + 1, 𝑘; 𝑥) 

It is not difficult to observe that  

 

[(1 − 𝑥)1−𝑘𝐷]𝑚𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) = 𝑘𝑚2−𝑚𝑘

    ∏𝑚−1
𝑖=0 (1 + 𝛼 + 𝛽 + 𝑛 + 𝑘𝑖)𝑘𝐽𝑛−𝑚(𝛼 + 𝑚𝑘, 𝛽 + 𝑚, 𝑘; 𝑥)

 (3.3) 

 where 𝑛 ≥ 𝑚 > 0 

For 𝑘 = 1 the equation (3.3) reduces to the result for Jacobi polynomials  

 𝐷𝑚𝑝𝑛
(𝛼,𝛽)

(𝑥) = 2−𝑚(1 + 𝛼 + 𝛽 + 𝑛)𝑚𝑝𝑛−𝑚
(𝛼+𝑚,𝛽+𝑚)

(𝑥) (3.4) 

 see Rainville [[9], p-263, equation (3)] 

Madhekar and Thakare [[5], p-421, equation (16) & (17)] obtained following recurrence 

relation for 𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥)  

 
(𝑥 − 1)𝐷𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) = 𝑛𝑘𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) − 𝑘(𝑘𝑛 − 𝑘 + 𝛼 + 1)𝑘

𝐽𝑛−1(𝛼, 𝛽 + 1, 𝑘; 𝑥)
 (3.5) 

  

 (𝑥 − 1)𝐷𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) = (𝑘𝑛 + 𝛼)𝐽𝑛(𝛼 − 1, 𝛽 + 1, 𝑘; 𝑥) − 𝛼𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) (3.6) 

 

 Eliminating (𝑥 − 1)𝐷𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) from (3.5) and (3.6) we can easily obtain  

 
𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) = 𝑘(1 + 𝛼 + 𝑛𝑘 − 𝑘)𝑘−1𝐽𝑛−1(𝛼, 𝛽 + 1, 𝑘, 𝑥)

+𝐽𝑛(𝛼 − 1, 𝛽 + 1, 𝑘; 𝑥)
 (3.7) 

 Now using (3.2) in (3.5) we have  

 
−(1 − 𝑥)𝑘2−𝑘(1 + 𝛼 + 𝛽 + 𝑛)𝑘𝐽𝑛−1(𝛼 + 𝑘, 𝛽 + 1, 𝑘; 𝑥)
= 𝑛𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) − (𝑘𝑛 − 𝑘 + 𝛼 + 1)𝑘𝐽𝑛−1(𝛼, 𝛽 + 1, 𝑘; 𝑥)

 

Replacing 𝑛 by (𝑛 + 1) and 𝛽 by (𝛽 − 1) in above equation we get the following recurrence relation  

 
(1 − 𝑥)𝑘2−𝑘(1 + 𝛼 + 𝛽 + 𝑛)𝑘𝐽𝑛(𝛼 + 𝑘, 𝛽, 𝑘; 𝑥)

= (1 + 𝛼 + 𝑘𝑛)𝑘𝐽𝑛
𝑘(𝛼, 𝛽, 𝑘; 𝑥) − (𝑛 + 1)𝐽𝑛+1(𝛼, 𝛽 − 1, 𝑘; 𝑥)

 (3.8) 

 

 Similarly using (3.2) in (3.6) we get another recurrence relation for 𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥)  

 
𝑘. 2−𝑘(1 − 𝑥)𝑘(1 + 𝛼 + 𝛽 + 𝑛)𝑘𝐽𝑛−1(𝛼 + 𝑘, 𝛽 + 1, 𝑘; 𝑥)

= 𝛼𝐽𝑛(𝛼, 𝛽, 𝑘; 𝑥) − (𝑘𝑛 + 𝛼)𝐽𝑛(𝛼 − 1, 𝛽 + 1, 𝑘; 𝑥)
 (3.9) 
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